Abstract. In this paper, we study the existence of high dimensional closed smooth manifolds whose rational homotopy type resembles that of a projective plane. Applying rational surgery, the problem can be reduced to finding possible Pontryagin numbers satisfying the Hirzebruch signature formula and a set of congruence relations, which turns out to be equivalent to finding solutions to a system of Diophantine equations.
introduction
There are four kinds of projective planes, the well-known real, complex, quaternionic and octonionic projective planes. There does not exist any higher dimensional closed manifold having the topological structure of a projective plane. More precisely, for n > 8, there does not exist any simplyconnetced 2n-dimensional closed manifold M such that H * (M ; Z) = Z * = 0, n, 2n; 0 otherwise
This fact is a consequence of the well-known Hopf Invariant One Theorem. Suppose there is such a manifold M 2n for n > 8, then there must exist a Morse function with minimal number of critical points which gives a CW complex X = e 0 ∪e n ∪ φ e 2n that is homotopy equivalent to M . This indicates the existence of a Hopf invariant 1 attaching map φ : S 2n−1 → S n . But the only such maps are the Hopf fibrations S 2k−1 → S k for k = 1, 2, 4, 8.
Ignoring torsion, we ask if any rational analogs of projective plane exist in higher dimension. This paper proves the following result Theorem 1.1. After dimension 2,4,8, and 16, which From the desired intersection form, it is immediate that such a manifold only exists in dimension 4k. We will firstly show that there is no such manifold in dimension 4k where k is odd. Then as we study the candidate dimensions, 24 turns out to give a negative answer. In dimension 32, we can find infinitely many homeomorphism types of rational projective planes in terms of their Pontryagin numbers.
The main tool to prove the results is the rational surgery Realization Theorem, which was firstly introduced by Barge in [Barge, Theorem 1] and [Sullivan] ; equivalent statements can be found in [TW] . The theorem gives a constructive answer to the existence question by finding pairings of 4i-dimensional cohomology classes and choice of fundamental class that act like Pontryagin numbers. In section 2, we will state the rational surgery Realization Theorem, phrase it in a form that is ready for application to our problem. To make the theorem more transparent, an outline of the proof will be given. In section 3, we will prove Theorem 1.1.
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Rational surgery
Given a rational homotopy type, a natural question is whether there exists a closed manifold realizing the rational homotopy data. Compared to its integral version, the existence question in rational setting has a more explicit solution. Philosophically, this is due to the much simpler rational homotopy groups of spheres. Initiated by Barge [Barge] and Sullivan [Sullivan] , rational surgery constructs closed manifold that is rational homotopy equivalent to a proposed Q-local space X n , which is a CW complex whose homotopy groups are Q-vector spaces. Apparently, to get any positive answer, it is necessary to start with a local space X that satisfies Poincaré duality in rational coefficients. The ingredients for constructing a realizing manifold include choices of cohomology classes in H 4i (X; Q), which play the role of Pontryagin classes, and correspondingly, a suitable choice of fundamental class in H n (X; Q) ∼ = H n (X; Z) ∼ = Q.
Theorem 2.1 ( [Barge] , [Sullivan] ). Let X be an n = 4k-dimensional simplyconnected, Q-local, Q-Poincaré complex. There exists a simply-connected smooth closed 4k-dimensional manifold M , and a Q-homotopy equivalence f : M −→ X if and only if: There exists cohomology classes 
for all partitions I of k.
Proof. We will claim that for any choice of cohomology classes p i 's together with a fundamental class µ satisfying the above three conditions, surgery can be applied to construct a Q-homotopy equivalence f : M → X such that f * [M ] = µ and f * p i = p i (τ M ). Condition (iii) guarantees a degree 1 normal map from a candidate manifold M to X so that the fundamental class of M is sent to the chosen class µ. Condition (i) and (ii) ensure the vanishing surgery obstruction.
Consider any choice of cohomology classes p :
−−−−−−−→ K(Q, 4i) be the total Pontryagin class of the Whitney sum inverse bundle of the universal plane bundle γ m over BSO(m). Let P B be the homotopy pull-back space of p and p, and ξ m the pullback bundle of γ m over P B. We have constructed the right two columns of the following diagram. Note that p and the projection map pr 1 are localization maps by construction.
For any homotopy class α ∈ π n+m (T ξ m ), the corresponding map g : S m+n −→ T ξ m yields a candidate manifold M = α −1 (P B) by Thom-Pontryagin construction. Moreover, g| M : M → P B is covered by a bundle map from the normal bundle of M to ξ. Chasing the diagram, one can check that the input classes p i 's are pulled back to the Pontryagin classes
To construct a degree 1 normal map so that f * [M ] = µ, we need a particular class α ∈ π n+m (T ξ m ) that maps to µ under the composition of Hurewicz map, Thom isomorphism, and the projection pr 1 * : H n (P B; Z) → H n (X; Z), which is shown the following diagram
w w n n n n n n n n n n n n
In the lower right corner of the diagram, T γ m (0) is the Thom space associated to the rational spherical fibration S m−1
, which is the localization of the sphere bundle S m−1 → Sγ m → BSO(m). The Hurewicz Thom map
is an isomorphism since both the Thom space and the base space are Q-local and the Hurewicz map is a rational isomorphism for m >> n ( [MS, Theorem 18.3] ). In the lower left corner, the rational spherical fibration ν X = p * (Sγ m (0) ) and the associated Thom space T ν X are Q-local, the Hurewicz Thom map π n+m (T ν X ) → H n (X; Z) is also an isomorphism. Then for any fundamental class µ, there is a class c X ∈ π n+m (T ν X ) mapping to µ. Moreover, it can be shown that the outer square of Thom space is a homotopy cartesian square (See [TW, Lemma 6 .1] or [Su, Lemma 3.2 .3 ] for more details). All these together imply that if there exists a class β ∈ π n+m (T γ m ) in the upper right corner mapping to p * µ ∈ H n (BSO(m) (0) ), β and c X would guarantee the existence of a desired class α that maps to µ.
Note that the Hurewicz Thom map in the upper right corner can be viewed as ν :
and ν M is the classifying map of the normal bundle of a manifold M . Then there is a β mapping to p * µ if and only if p −1 * (p * µ) lies in the image of such map ν.
If the input classes p i 's and µ together satisfy condition (iii), i.e., there exists a closed manifold N such that p I (τ N ), [N ] = p I , µ , chasing the diagram, we have
Since for any bundle η, the Pontraygin numbers of the inverse bundle p I (η) can be written as linear combination of p I (η)'s, the above identity implies
, which is equivalent to saying that p −1 * (p * µ) is the image of manifold N under the homomorphism ν : Ω SO n → H n (BSO; Q). This implies that π n+m (T γ m ) possesses the desired class β and thus ensures the existence of α, which finishes the proof that condition (iii) guarantees a degree 1 normal map such that f * [M ] = µ. Now surgery can be applied to alter the normal map to a rational homotopy equivalence if and only if the map has a vanishing surgery obstruction, which lives in the L group
See [MH] . The obstruction vanishes in its Z summand if and only if the signature σ(M ) = σ(X), which is equivalent to condition (i) since
Condition (ii) requires the rational intersection form of X to be a direct sum of 1 's and −1 's, which guarantees the obstruction vanishes in its Z 2 and Z 4 summands in L n (Q). This finished the outline of the proof of Theorem 2.1.
Remark 2.2. One can also ask the existence of any closed topological or piecewise linear manifold realizing the rational homotopy type of projective planes. The Realization Theorem 2.1 still works for the P L or T OP category by changing the word "smooth" in condition (iii) to PL or topological.
Rational projective planes
In this section, we study the existence dimension of rational projective planes. Recall that we ask the smallest dimension 4k (> 16) where a simplyconnected closed smooth manifold M such that H * (M ; Q) = Q * = 0, 2k, 4k; 0 otherwise exists. Equivalently, we look for the existence dimension of simply-connected closed smooth manifolds that are rational homotopy equivalent to a 4k-dimensional Q-local, Q-Poincaré complex X where
the problem then can be studied using the rational surgery realization Theorem 2.1.
3.1. The target Q-local space. Firstly, we construct X from a Postnikov tower of rational principal fibration. Let X → K(Q, 2k) be the principal fibration with fiber K(Q, 6k − 1) and k-invariant ι 3
Computing the spectral sequence, it is easy to check that X has the desired rational cohomology ring H * (X; Q) ∼ = Q[x]/ x 3 with |x| = 2k. Notice that the signature σ(X) = ±1 by our construction. Now let's plugin X into the Realization Theorem 2.1. Note that since H * (X; Q) ∼ = Q[x]/ x 3 , the input classes p i ∈ H 4i (X; Q) is zero fro all i except p k 2 and p k , then our realization problem of rational projective plane is equivalent to asking the following:
Equivalent question. For k > 4, can we find a choice of cohomology classes
together with a fundamental class
(ii) The intersection form on H 2k (X; Q) with respect to µ is isomorphic to a direct sum of 1 's and −1 's.
(iii) There exists a closed 4k-dimensional manifold N such that
In the signature condition, the coefficient of
where B 2k is the 2k-th Bernoulli number [MS] . As mentioned in [A] , the coefficient of p 2 k 2 can be computed as
Then condition (i) says
From condition (i) and (iii), we can narrow down the candidate dimensions to 4k with k even.
Lemma 3.1. There does not exist any rational projective plane in dimension 4k when k is odd.
Proof. When k is odd, the input Pontryagin class p i is nonzero only when i = k. Then condition (i) requires:
where the numerator in the irreducible form of s k is an integer not equal to ±1. On the other hand, condition (iii) requires p k , µ to be Pontryagin number of a smooth closed manifold, which must be an integer. This is impossible if s k p k , µ = ±1 but the numerator of s k is not ±1. Thus condition (i) and (iii) can never be both satisfied in dimension n = 4k with k odd.
3.3. Dimension 24. Lemma 3.1 indicates that n = 24 is the next candidate. It turns out the signature formula can never be satisfied in this dimension.
Lemma 3.2. There does not exist any rational projective plane in dimension 24.
Proof. Condition (i) requires existence of cohomology classes p 3 ∈ H 12 (X; Q) ∼ = Q, p 6 ∈ H 24 (X; Q) ∼ = Q and a choice of fundamental class µ ∈ H 24 (X; Z) ∼ = Q such that s 3,3 p 2 3 , µ + s 6 p 6 , µ = ±1 Let α be any nonzero class in H 12 (X, Q) ∼ = Q, one can write In order to have a rational intersection form isomorphic to a direct sum of 1 's and −1 's, we need to choose a fundamental class µ such that µ = ±r 2 [X] for some nonzero rational number r.
Condition (iii) requires the pairings p 2 3 , µ and p 6 , µ to be integers. So we may let x and y be the integers such that x 2 = a 2 r 2 , y = b r 2 , then
Altogether, condition (i),(ii) and the integrality part of condition (iii) require the existence of integers x and y such that:
where the coefficients can be computed using formula (3.2.1), (3.2.2) to be
, s 6 = − 2828954 638512875 To solve the Diophantine equation (3.3.1), one can either compute by hand using quadratic reciprocity or refer to a mathematical software such as Mathematica. Equation (3.3.1) turns out to have no integer solution.
In order to continue the analysis on the following candidate dimensions, we need to give condition (iii) an explicit interpretation.
3.4. Congruence relations among Pontryagin numbers. Condition (iii) requires the set of pairings p I , µ to be Pontryagin numbers of any closed smooth manifold. These integers form a sublattice in Z p(n) which can be classified by a group of congruence relations. The following HattoriStong Theorem says that the Riemann-Roch Theorem and the integrality of Pontryagin numbers completely determine all the relations among the Pontryagin numbers of smooth closed manifolds. 
is a lattice consisting exactly the elements x ∈ H * (BSO; Q) such that:
where e i ∈ H * (BSO; Q) is the i-th elementary symmetric polynomial of the variables e x j + e −x j − 2, i.e.,
where the total Pontryagin class is formally expressed as p(γ) = Π(1 + x 2 j ).
As we expand e x j + e −x j − 2 as a power series of x 2 j , the classes e i are symmetric polynomials of the variables x 2 j . Since any symmetric polynomial can be expressed in terms of elementary symmetric polynomials, and the Pontraygin class p i (γ) is exactly the i-th elementary symmetric polynomial of the variables x 2 j , we can express each e i class in terms of the Pontryagin classes p 1 (γ), p 2 (γ), . . .. Therefore the relations (3.4.1) in the theorem provide a set of integrality conditions on the numbers
for any smooth manifold N ∈ Ω SO * . These integrality conditions determine all the possible Pontryagin numbers of a closed smooth manifold. Then condition (iii) in the Realization Theorem 2.1 is equivalent to asking for input p i and µ from the local space X such that
In our case, we may express the e i classes solely in terms of p k 2 and p k by assuming that all the other Pontryagin classes are zero. The following example in dimension 16 illustrates how such expressions can be found in higher dimensions. each of the e i class can be written as a linear combination of p 2 , p 2 2 and p 4 . Take e 2 for example, we firstly expand e x j + e −x j − 2 as a power series
Then the symmetric polynomial
resulting manifold M are realized by the input pairings, i.e.
Therefore distinct solutions of integers x and y in dimension 32 correspond to distinct pairs of Pontryagin numbers of the realizing manifold in this dimension. Since Pontryagin numbers are homeomorphism invariants, we have found infinitely many homeomorphism types of smooth closed manifolds which are rational analogs of projective planes. This ends the proof of our main theorem 1.1.
Remark 3.5. There is another approach to compute the congruence relations among Pontryagin numbers of smooth closed manifolds. The torsionfree part of the oriented cobordism ring is a polynomial ring over Z generated by a set of smooth closed manifolds in dimension 4k's:
where the generator M 4k can be taken as any manifold satisfying the following characteristic number property [St1] : 
